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Abstract
In this paper, we give an explicit p-adic expansion of
np∑
j=1
(j,p)=1
(−1)j qj
[j ]rq
as a power series in n. The coefficients are values of p-adic q-l-function for q-Euler numbers.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let p be a fixed prime. Throughout this paper Zp , Qp , C and Cp will, respectively, denote
the ring of p-adic rational integers, the field of p-adic rational numbers, the complex number
field and the completion of algebraic closure of Qp , cf. [1,4,6,10]. Let vp be the normalized
exponential valuation of Cp with |p|p = p−vp(p) = p−1. When one talks of q-extension, q is
variously considered as an indeterminate, a complex number q ∈ C, or a p-adic number q ∈ Cp .
If q ∈ C, one normally assumes |q| < 1. If q ∈ Cp , then we assume |q − 1|p < p−
1
p−1 , so
that qx = exp(x logq) for |x|p  1. Kubota and Leopoldt proved the existence of meromorphic
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T. Kim / J. Math. Anal. Appl. 329 (2007) 1472–1481 1473functions, Lp(s,χ), defined over the p-adic number field, that serve as p-adic equivalents of the
Dirichlet L-series, cf. [10,11]. These p-adic L-functions interpolate the values
Lp(1 − n,χ) = −1
n
(
1 − χn(p)pn−1
)
Bn,χn, for n ∈ N = {1,2, . . .},
where Bn,χ denote the nth generalized Bernoulli numbers associated with the primitive Dirichlet
character χ , and χn = χw−n, with w the Teichmüller character, cf. [8,10]. In [10], L.C. Wash-
ington has proved the following interesting formula:
np∑
j=1
(j,p)=1
1
j r
= −
∞∑
k=1
(−r
k
)
(pn)kLp
(
r + k,w1−k−r), where (−r
k
)
is binomial coefficient.
To give the q-extension of the above Washington result, author derived the sums of powers of
consecutive q-integers as follows:
n−1∑
l=0
ql[l]m−1q =
1
m
m−1∑
l=0
(
m
l
)
qmlβl[n]m−lq +
1
m
(
qmn − 1)βm, see [6,7], (∗)
where βm are q-Bernoulli numbers. By using (∗), we gave an explicit p-adic expansion
np∑
j=1
(j,p)=1
qj
[j ]rq
= −
∞∑
k=1
(−r
k
)
[pn]kqLp,q
(
r + k,w1−r−k)
− (q − 1)
∞∑
k=1
(−r
k
)
[pn]kqTp,q
(
r + k,w1−r−k)
− (q − 1)
p−1∑
a=1
B(n)p,q(r, a : F),
where Lp,q(s,χ) is p-adic q-L-function (see [7]). Indeed, this is a q-extension result due to
Washington, corresponding to the case q = 1, see [10]. For a fixed positive integer d with
(p, d) = 1, set
X = Xd = lim←−
N
Z/dpN,
X1 = Zp, X∗ =
⋃
0<a<dp
(a,p)=1
a + dpZp,
a + dpNZp =
{
x ∈ X | x ≡ a (mod pN )},
where a ∈ Z satisfies the condition 0  a < dpN (cf. [3,4,9]). We say that f is a uniformly
differentiable function at a point a ∈ Zp , and write f ∈ UD(Zp), if the difference quotients
Ff (x, y) = f (x)−f (y)x−y have a limit f ′(a) as (x, y) → (a, a), cf. [3]. For f ∈ UD(Zp), let us
begin with the expression
1
[pN ]q
∑
N
qjf (j) =
∑
N
f (j)μq
(
j + pNZp
)
, cf. [1,3,4,7–9],0j<p 0j<p
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the limit of those sums (as n → ∞) if this limit exists. The q-Volkenborn integral of a function
f ∈ UD(Zp) is defined by
Iq(f ) =
∫
X
f (x)dμq(x) =
∫
Xd
f (x) dμq(x) = lim
N→∞
1
[dpN ]q
dpN−1∑
x=0
f (x)qx, cf. [2,3].
(1)
It is well known that the familiar Euler polynomials En(z) are defined by means of the following
generating function:
F(z, t) = 2
et + 1e
zt =
∞∑
n=0
En(z)
tn
n! , cf. [1,5].
We note that, by substituting z = 0, En(0) = En are the familiar nth Euler numbers. Over five
decades ago, Carlitz defined q-extension of Euler numbers and polynomials, cf. [1,4,5]. Recently,
author gave another construction of q-Euler numbers and polynomials (see [1,5,9]). By using au-
thor’s q-Euler numbers and polynomials, we gave the alternating sums of powers of consecutive
q-integers as follows:
[2]q
n−1∑
l=0
(−1)lql[l]mq = (−1)n+1qn
m−1∑
l=0
(
m
l
)
qnlEl,q [n]m−lq +
(
(−1)n+1qn(m+1) + 1)Em,q,
where El,q are q-Euler numbers (see [5]). From this result, we can study the p-adic interpolating
function for q-Euler numbers and sums of powers due to author [7]. Throughout this paper, we
use the following notations:
[x]q = 1 − q
x
1 − q = 1 + q + q
2 + · · · + qx−1,
[x]−q = 1 − (−q)
x
1 − q = 1 − q + q
2 − q3 + · · · + (−q)x−1, cf. [5,9].
Note that when p is prime, [p]q is an irreducible polynomial in Q[q]. Furthermore, this means
that Q[q]/[p]q is a field and consequently rational functions r(q)/s(q) are well defined modulo
[p]q if (r(q), s(q)) = 1. In a recent paper [5] the author constructed the new q-extensions of
Euler numbers and polynomials. In Section 2, we introduce the q-extension of Euler numbers and
polynomials. In Section 3 we construct a new q-extension of Dirichlet’s type l-function which
interpolates the q-extension of generalized Euler numbers attached to χ at negative integers.
The values of this function at negative integers are algebraic, hence may be regarded as lying
in an extension of Qp . We therefore look for a p-adic function which agrees with at negative
integers. The purpose of this paper is to construct the new q-extension of generalized Euler
numbers attached to χ due to author and prove the existence of a specific p-adic interpolating
function which interpolates the q-extension of generalized Bernoulli polynomials at negative
integer. Finally, we give an explicit p-adic expansion
np∑
j=1
(j,p)=1
(−1)j qj
[j ]rq
as a power series in n. The coefficients are values of p-adic q-l-function for q-Euler numbers.
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For any non-negative integer m, the q-Euler numbers, Em,q , were represented by∫
Zp
[x]mq dμ−q(x) = Em,q = [2]q
(
1
1 − q
)m m∑
i=0
(
m
i
)
(−1)i 1
1 + qi+1 , see [9]. (2)
Note that limq→1 Em,q = Em. From Eq. (2), we can derive the following generating function:
Fq(t) = [2]qe
t
1−q
∞∑
j=0
1
1 + qj+1 (−1)
j
(
1
1 − q
)j
tj
j ! =
∞∑
j=0
En,q
tn
n! . (3)
By using p-adic q-integral, we can also consider the q-Euler polynomials, En,q(x), as follows:
En,q(x) =
∫
Zp
[x + t]nq dμ−q(t) = [2]q
(
1
1 − q
)n n∑
k=0
(
n
k
)
(−qx)k
1 + qk+1 , see [5,9]. (4)
Note that
En,q(x) =
∫
Zp
([x]q + qx[t]q)n dμ−q(x) = n∑
j=0
(
n
j
)
qjxEj,q [x]n−jq . (5)
By (4), we easily see that
∞∑
n=0
En,q(x)
tn
n! = Fq(x, t) = [2]qe
t
1−q
∞∑
j=0
(−1)j
1 + qj+1 q
jx
(
1
1 − q
)j
tj
j ! . (6)
From (6), we derive
Fq(x, t) = [2]q
∞∑
n=0
(−1)nqne[n+x]q t =
∞∑
n=0
En,q(x)
tn
n! . (7)
3. On the q-analogue of Hurwitz’s type ζ -function associated with q-Euler numbers
In this section, we assume that q ∈ C with |q| < 1. It is easy to see that
En,q(x) = [2]q[2]qm [m]
n
q
m−1∑
a=0
(−1)aqaEn,qm
(
a + x
m
)
, see [1],
where m is odd positive integer. From (7), we can easily derive the following formula:
Ek,q(x) = d
k
dtk
Fq(x, t)
∣∣∣∣
t=0
= [2]q
∞∑
n=0
(−1)nqn[n + x]kq . (8)
Thus, we can consider a q-ζ -function which interpolates q-Euler numbers at negative integer as
follows:
1476 T. Kim / J. Math. Anal. Appl. 329 (2007) 1472–1481Definition 1. For s ∈ C, define
ζE,q(s, x) = [2]q
∞∑
m=1
(−1)nqn
[n + x]sq
.
Note that ζE,q(s, x) is meromorphic function in whole complex plane.
By using Definition 1 and Eq. (8), we obtain the following:
Proposition 1. For any positive integer k, we have
ζE,q(−k, x) = Ek,q(x).
Let χ be the Dirichlet character with conductor f ∈ N. Then we define the generalized
q-Euler numbers attached to χ as
Fq,χ (t) = [2]q
∞∑
n=0
e[n]q tχ(n)(−1)nqn =
∞∑
n=0
En,χ,q
tn
n! . (9)
Note that
En,χ,q = [2]q[2]qf
[f ]nq
f−1∑
a=0
χ(a)(−1)aqaEn,qf
(
a
f
)
, where f (= odd) ∈ N. (10)
By (9), we easily see that
dk
dtk
Fq,χ (t)
∣∣∣∣
t=0
= Ek,χ,q = [2]q
∞∑
n=1
χ(n)(−1)nqn[n]kq . (11)
Definition 2. For s ∈ C, we define Dirichlet’s type l-function as follows:
lq(s,χ) = [2]q
∞∑
n=1
χ(n)(−1)nqn
[n]sq
.
From (11) and Definition 2, we can derive the following theorem.
Theorem 1. For k  1, we have
lq(−k,χ) = Ek,χ,q .
In [5], it was known that
[2]q
n−1∑
l=0
(−1)lql[l]mq =
(
(−1)n+1qnEm,q(n) + Em,q
)
, where m,n ∈ N. (12)
From (4) and (12), we derive
[2]q
n−1∑
l=0
(−1)lql[l]mq
= (−1)n+1qn
m−1∑(m
l
)
qnlEl,q [n]m−lq +
(
(−1)n+1qn(m+1) + 1)Em,q. (13)l=0
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consider the partial q-zeta function as follows:
Hq(s, a : F) = [2]q[2]qF
∑
m≡a(F )
m>0
qm(−1)m
[m]sq
= (−1)aqa [F ]
−s
q
[2]qF
ζE,qF
(
s,
a
F
)
. (14)
For n ∈ N, we note that Hq(−n,a : F) = (−1)aqa [F ]
n
q
[2]
qF
En,qF (
a
F
). Let χ be the Dirichlet’s char-
acter with conductor F(= odd). Then we have
lq(s,χ) = [2]q
F∑
a=1
χ(a)Hq(s, a : F). (15)
The function Hq(s, a : F) will be called the q-extension of partial zeta function which interpo-
lates q-Euler polynomials at negative integers. The values of lq(s,χ) at negative integers are
algebraic, hence may be regarded as lying in an extension of Qp . We therefore look for a p-adic
function which agrees with lq(s,χ) at the negative integers in Section 4.
4. p-Adic q-l-functions and sums of powers
We define 〈x〉 = 〈x : q〉 = [x]q
w(x)
, where w(x) is the Teichmüller character. When F(= odd) is
multiple of p and (a,p) = 1, we define a p-adic analogue of (14) as follows:
Hp,q(s, a : F) = (−1)
aqa
[2]qF
〈a〉−s
∞∑
j=0
(−s
j
)
qja
( [F ]q
[a]q
)j
Ej,qF , for s ∈ Zp. (16)
Thus, we note that
Hp,q(−n,a : F)
= (−1)
aqa
[2]qF
〈a〉n
n∑
j=0
(
n
j
)
qja
( [F ]q
[a]q
)j
Ej,q
= (−1)
aqa
[2]qF
w−n(a)[F ]nqEn,qF
(
a
F
)
= w−n(a)Hq(−n,a : F), for n ∈ N. (17)
We now construct the p-adic analytic function which interpolates q-Euler number at negative
integer as follows:
lp,q(s,χ) = [2]q
F∑
a=1
(a,p)=1
χ(a)Hp,q(s, a : F). (18)
In [9], it was known that
Ek,χ,q =
∫
X
χ(x)[x]kq dμ−q(x), for k ∈ N.
For f (= odd) ∈ N, we note that
En,χ,q = [2]q[2]qf
[f ]nq
f−1∑
χ(a)(−1)aqaEn,qf
(
a
f
)
.a=0
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lp,q(−n,χ) = [2]q
F∑
a=1
(p,a)=1
χ(a)Hp,q(−n,a : F) =
∫
X∗
χw−n(x)[x]nq dμ−q(x)
= En,χw−n,q − [p]nqχw−n(p)En,χw−n,qp . (18-1)
In fact,
lp,q(s,χ) = [2]q[2]qF
F∑
a=1
(−1)aqa〈a〉−sχ(a)
×
∞∑
j=0
(−s
j
)
qja
( [F ]q
[a]q
)j
Ej,qF , for s ∈ Zp. (19)
This is a p-adic analytic function and has the following properties for χ = wt :
lp,q
(−n,wt)= En,q − [p]nqEn,qp , where n ≡ t (mod p − 1), (20)
lp,q(s, t) ∈ Zp, for all s ∈ Zp, when t ≡ 0 (mod p − 1). (21)
If t ≡ 0 (mod p − 1), then lp,q(s1,wt ) ≡ lp,q(s2,wt ) (mod p) for all s1, s2 ∈ Zp, lp,q(k,wt ) ≡
lp,q(k + p,wt) (mod p). It is easy to see that
1
r + k − 1
(−r
k
)(
1 − r − k
j
)
= −1
j + k
( −r
k + j − 1
)(
k + j
j
)
, (22)
for all positive integers r, j, k with j, k  0, j + k > 0, and r = 1 − k. Thus, we note that
1
r + k − 1
(−r
k
)(
1 − r − k
j
)
= 1
r − 1
(−r + 1
k + j
)(
k + j
j
)
. (22-1)
From (22) and (22-1), we derive
r
r + k
(−r − 1
k
)(−r − k
j
)
=
( −r
k + j
)(
k + j
j
)
. (23)
By using (13), we see that
n−1∑
l=0
(−1)F l+aqF l+a
[F l + a]rq
=
n−1∑
l=0
qF l+a(−1)l(−1)a([a]q + qa[F ]q [l]qF )−r
= −
∞∑
s=0
[a]−rq
( [F ]q
[a]q
)s
qas(−q)a
(−r
s
)
(−qF )n
[2]qF
s−1∑
l=0
(
s
l
)
qnF lEl,qF [n]s−lqF
−
∞∑
[a]−rq
( [F ]q
[a]q
)s
qas(−q)a
(−r
s
)
((−qF(s+1))n − 1)
[2]qF
Es,qF . (24)s=0
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Tn,q(s, q : F) = (−1)aqa〈a〉−s
∞∑
k=0
(−s
k
)[
a
F
]−k
qF
qak
(
(−1)nqnF(k+1) − 1)Ek,qF . (25)
From (23) and (24), we derive
n−1∑
l=0
(−1)F l+aqF l+a
[F l + a]rq
= −
∞∑
s=0
(−r
s
)
[a]−rq
( [F ]q
[a]q
)s
(−qs+1)a(−qF )n
[2]qF
s−1∑
l=0
(
s
l
)
qnF lEl,qF [n]s−lqF
− w
−r (a)
[2]qF
Tn,q(r, a : F). (26)
First, we evaluate the right side of Eq. (26) as follows:
∞∑
s=0
(−r
s
)
[a]−rq
( [F ]q
[a]q
)s
(−qs+1)a(−qF )n
[2]qF
s−1∑
l=0
(
s
l
)
qnF lEl,qF [n]s−lqF
=
∞∑
k=0
r
r + k
(−r − 1
k
)
[a]−k−rq qak+Fn(−1)n[Fn]kq
(−q)a
[2]qF
∞∑
l=0
(−r − k
l
)
qal
×
( [F ]q
[a]q
)l
El,qF q
nF l. (27)
It is easy to check that
qnF l =
l∑
j=0
(
l
j
)
[nF ]jq(q − 1)j = 1 +
l∑
j=1
(
l
j
)
[nF ]jq(q − 1)j . (27-1)
Let
J (k)p,q(s, a : F) =
k∑
j=1
wj(a)
(
k
j
)
(q − 1)j 〈a〉jHp,q(s, a : F) (28)
and
Kp,q(s, a : F) = (−1)
aqa
[2]qF
〈a〉−s
∞∑
l=0
(−s
l
)
qal
( [F ]q
[a]q
)l
El,qF
×
l∑
j=1
(
l
j
)
[nF ]jq(q − 1)j . (29)
For F = p, r ∈ N, we see that
[2]q
p−1∑
a=1
n−1∑
l=0
(−1)a+plqa+pl
[a + pl]rq
= [2]q
np∑
j=1
qj (−1)j
[j ]rq
. (30)
(j,p)=1
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Kp,q(s,χ) = [2]q
p−1∑
a=1
χ(a)
(
J (k)p,q(s, a : F) + qakKp,q(s, a : F)
)
,
Tp,q(s,χ) = [2]q
p−1∑
a=1
χ(a)Tn,q(s, a : F), where k,n 1 . (31)
From (24)–(31), we derive
[2]q
np∑
j=1
(j,p)=1
qj (−1)j
[j ]rq
= −
∞∑
k=0
r
r + k
(−r − 1
k
)
(−1)nqpn[pn]kq lp,q
(
r + k,w−r−k)
−
∞∑
k=0
r
r + k
(−r − 1
k
)
(−1)nqpn[pn]kqKp,q
(
r + k,w−r−k)− Tp,q(r,w−r).
Therefore we obtain the following theorem.
Theorem 2. Let p be an odd prime and let n 1 and r  1 be integers. Then we have
[2]q
np∑
j=1
(j,p)=1
qj (−1)j
[j ]rq
= −
∞∑
k=0
r
r + k
(−r − 1
k
)
(−1)nqpn[pn]kq lp,q
(
r + k,w−r−k)
−
∞∑
k=0
r
r + k
(−r − 1
k
)
(−1)nqpn[pn]kqKp,q
(
r + k,w−r−k)− Tp,q(r,w−r). (32)
For q = 1 in (32), we have
2
np∑
j=1
(j,p)=1
(−1)j
j r
= −
∞∑
k=0
r
k + r
(−r − 1
k
)
(−1)n(pn)klp
(
r + k,w−r−k),
where n is positive even integer.
Remark. Let p be an odd prime. Then we have
p−1∑
j=1
(−1)j qj
[j ]q =
p−1∑
j=1
(−1)j
[j ]q .
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p−1∑
j+1
(−1)j
[j ]q
)2
=
(
p−1∑
j=1
(−1)j
[j ]q
)(
p−1∑
j=1
(−1)j
[j ]q − (1 − q)
p−1∑
j=1
(−1)j
)
=
(
p−1∑
j=1
(−1)j
[j ]q
)(
p−1∑
j=1
(−1)j
(
1
[j ]q − (1 − q)
))
=
(
p−1∑
j=1
(−1)j
[j ]q
)(
p−1∑
j=1
(−1)j qj
[j ]q
)
. 
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